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Binary Logit Model for Binary Choice
Maximum Likelihood Estimates
Model estimated: Mar 12, 2010 at 10:41:37AM.

I |

I |

I |

| Dependent variable Y |

| Weighting variable None |

| Number of observations 400 |

| ITterations completed 6 |

| Log likelihood function -234.3407 |

| Number of parameters 9 |

| Info. Criterion: AIC = 1.21670 |

| Finite Sample: AIC = 1.21786 |

| Info. Criterion: BIC = 1.30651 |

| Info. Criterion:HQIC = 1.25227 |

| Restricted log likelihood -277.1339 |

| McFadden Pseudo R-squared .1544133 |

| Chi squared 85.58628 |

| Degrees of freedom 8 |

| Prob[ChiSgd > value] = .0000000 |

| Hosmer-Lemeshow chi-squared = 30.68893 |

| P-value= .00016 with deg.fr. = 8 |

e +

o fom e~ B ittt L - fmm————— o +
|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z|>z]]| Mean of X|

t——————— fom e~ o - Fom————— o +

————————— +Characteristics in numerator of Prob[Y = 1]

Constant| -.94950878 .44438236 -2.137 .0326

SEX | .10892554 .26414543 L4112 .6801 .40250000
SCHOOL | .55001938 .30735789 1.790 .0735 .50000000
STUDY | -.82932386 .23425266 -3.540 .0004 .42000000
GRADE | 1.03958204 .24946967 4.167 .0000 .60000000
COURSE | .11437631 .31971942 .358 .7205 .25000000
INCOME | -.823664D-05 .282446D-05 -2.916 .0035 58587.5000
INCOMER | -.01888789 .13125395 -.144 .8856 2.12359480
WORK | 1.90103550 .30478315 6.237 .0000 .41250000



e +
| Information Statistics for Discrete Choice Model.

| M=Model MC=Constants Only MO=No Model |

| Criterion F (log L) -234.34072 -277.13386 -277.25887 |

| LR Statistic vs. MC 85.58628 .00000 .00000 |

| Degrees of Freedom 8.00000 .00000 .00000 |

| Prob. Value for LR .00000 .00000 .00000 |

| Entropy for probs. 234.34072 277.13386 277.25887 |

| Normalized Entropy .84521 .99955 1.00000 |

| Entropy Ratio Stat. 85.83631 .25003 .00000 |

| Bayes Info Criterion 1.29153 1.50550 1.50612 |

| BIC(no model) - BIC .21459 .00063 .00000 |

| Pseudo R-squared .15441 .00000 .00000 |

| Pct. Correct Pred. 71.25000 .00000 50.00000 |

| Means: y=0 y=1 y=2 y=3 y=4 y=5 y=6 y>=7 |

| Outcome .5125 .4875 .0000 .0000 .0000 .0000 .0000 .000O0 |

| Pred.Pr .5125 .4875 .0000 .0000 .0000 .0000 .0000 .000OQ |

| Notes: Entropy computed as Sum(i)Sum(j)Pfit(i,7)*logPfit(i,J). |

| Normalized entropy is computed against MO. |

| Entropy ratio statistic is computed against MO. |

| BIC = 2*criterion - log(N)*degrees of freedom. |

| If the model has only constants or if it has no constants, |

| the statistics reported here are not useable. |
e +
B it it +

| Partial derivatives of probabilities with |

| respect to the vector of characteristics. |

| They are computed at the means of the Xs. |

| Observations used are All Obs. |
e +
- o B ettt - Fom————— o +
|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z|>z]|Elasticity|
- o B - Fomm———— to——— +
————————— +Marginal effect for variable in probability

Constant| -.23712567 .11075981 -2.141 .0323
————————— +Marginal effect for dummy variable is P|1 - P|O0.

SEX | .02720446 .06595628 L412 .6800 .02263644
————————— +Marginal effect for dummy variable is P|1 - P|O.

SCHOOL | .13650263 .07533892 1.812 .0700 .14109552
————————— +Marginal effect for dummy variable is P|1 - P|O.

STUDY | -.20356627 .05564633 -3.658 .0003 -.17674914
————————— +Marginal effect for dummy variable is P|1 - P|O.

GRADE | .25250563 .05743829 4.396 .0000 .31320199
————————— +Marginal effect for dummy variable is P|1 - P|O.

COURSE | .02857676 .07987931 .358 .7205 .01476914
INCOME | -.205698D-05 .704884D-06 -2.918 .0035 -.24913605
INCOMER | -.00471697 .03277931 -.144 .8856 -.02070794
————————— +Marginal effect for dummy variable is P|1 - P|O.

WORK | .44152836 .06075001 7.268 .0000 .37651714
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o +

| Marginal Effects for|

fom fom +

| Variable | All Obs |

fom fom +

| ONE | =-.23713 |

| SEX | 02720 |

| SCHOOL | 13650 |

| STUDY | =-.20357 |

| GRADE | 25251 |

| COURSE | 02858 |

| INCOME | 00000 |

| INCOMER | -.00472 |

| WORK | 44153 |

= fom - +

e +
| Fit Measures for Binomial Choice Model |
| Logit model for variable Y |
e +
| Proportions P0O= .512500 Pl= .487500 |
| N = 400 NO= 205 N1l= 195 |
| LogL= -234.341 LogLO= -277.134 |
| Estrella = 1-(L/L0O)"(-2L0/n) = .20738 |
o +
| Efron | McFadden | Ben./Lerman |
| 21137 | 15441 | .60241 |
| Cramer | Veall/Zim. | Rsgrd ML |
| 20433 | .30345 | .19262 |
e +
| Information Akaike I.C. Schwarz I.C. |
| Criteria 1.21670 1.30651 |
B it ettt +
e +
|Predictions for Binary Choice Model. Predicted value is

|[Note, column or row total percentages may not sum to

|
|1 when probability is greater than .500000, O otherwise.|
|
|100% because of rounding. Percentages are of full sample.|

- B it et o +
|Actual | Predicted Value | |
|Value | 0 1 | Total Actual |
fo———— o o o — +
| 0 \ 151 ( 37.8%) | 54 ( 13.5%) | 205 ( 51.3%) |
|1 \ 61 ( 15.3%) | 134 ( 33.5%) | 195 ( 48.8%) |
- R it i B ettt e +
| Total | 212 ( 53.0%) | 188 ( 47.0%) | 400 (100.0%) |
- R it B ittt o - +
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Analysis of Binary Choice Model Predictions Based on Threshold = .5000

Sensitivity = actual 1s correctly predicted 68.718%
Specificity = actual Os correctly predicted 73.659%
Positive predictive value = predicted 1ls that were actual 1s 71.277%
Negative predictive value = predicted 0Os that were actual Os 71.226%
Correct prediction = actual 1s and 0Os correctly predicted 71.250%

False pos. for true neg. = actual Os predicted as 1s 26.341%
False neg. for true pos. = actual 1ls predicted as Os 31.282%
False pos. for predicted pos. = predicted 1ls actual Os 28.723%
False neg. for predicted neg. = predicted 0Os actual 1s 28.774%

False predictions = actual 1ls and Os incorrectly predicted 28.750%
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Abstract

We show that with a simple normalization of explanatory variables, marginal effects in probit and logit models
simplify dramatically, becoming a function of only the estimated constant term. Related simplifications hold for
computation of asymptotic vanances of these effects.
€ 2003 Elsevier BV, All rights reserved.
Keywords: Discrete choice; Marginal effect; Normal zation

JEL elagyification: C25; CRI

1. Introduction

It is well known that parameter estimates from discrete choice models, such as probit and logit, must
be transformed to vield estimates of the marginal effecis—that is, the change in predicted probability
associated with changes in the explanatory variables (see, for example, Greene, 2003, p. 667). The
marginal effecs are nonlinear functions of the parameter estimates and the levels of the explanatory
variables, so they cannot generally be inferred directly from the parameter estimates. Some siatistical
packages will not directly compute these effects, forcing users to program these procedures themselves.
Beyond any computational issues, we believe the approach we suggest builds intuition and clarifies the
relationship between discrete choice parameter estimates and their associated marginal and dummy
variable effects.

We show that after a simple normalization of the explanatory variables so that they equal 0 at the
desired reference point, marginal effects for continuous wvariables simplify dramatically, becoming a
function of only the estimated constant term. We present similar simplifications for computation of the

* Corresponding author, Tel.: +1-202-328-5111; fax: +1-202-939-3460,
E-mail address: newelli@rfforg (R.G. Newell).

0165-1765/5 - see front matter © 2003 Elsevier BV, All rights reserved.
doi: 10.1016/80165-1765(03)00212-X
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asymptotic varance of marginal effects, as well as for the effects of dummy varables on predicted
probabilities.

2. Normalization of explanatory variables

The first step in this simplification is to center all continuous variables at the desired reference point.
The most commonly chosen reference point for caleulating marginal effects in models with non-linear
explanatory variables is at the variable means. Taking deviations from means will yield a 0 value for the
normalized varable at the mean of the original variable. If a log form is being used, the variable can first
be normalized to equal one at the mean (i.e., by dividing by the variable’s mean), and then logs can be
taken so that the varable equals 0 at its logged mean.' Of course, the reference point is not limited to
variables means; variables can be normalized to equal 0 at any desired value. Categorical or dummy
variables can be treated similardy, and should be coded (ie., as 0 or 1) so that the constant term
corresponds to ;‘he desired reference group for which the marginal effects will be calculated (ie., the
omitted group).”

3. Marginal and discrete effects of explanatory variables
The predicted probability from a binary choice model is given by
Ely | x] = F{#'x), ()

where v is a choice variable, x is a vector of explanatory variables, (3 is a vector of parameter estimates,
and F is an assumed cumulative distribution function. Assuming F is the standard normal disribution
() produces the probit model, while assuming F is the logistic distribution (1) produces the logit
model, where A (@ x)=exp(@ /(1 +exp(@x)).

In these models, marginal effects for continuous variables (i.e., the marginal changes in expected
probability 9E[ ¥]/9x) are equal to

OE[y | x]/0x = f(B'x)B, (2)

where [ is the corresponding probability density function. For the probit model [ is given by o, the
standard normal density function, where

+ l l I 2
$(B'%) —ﬁexp(—z{ﬁ X ) ()

! Under this model specification, marginal effects are interpreted as the change in predicted probability associated with
percent changes in the continuous independent variables.

2 Motz that while model coefficients are invariant to centering of first-order terms, they are not invariant o centering of
higher-order terms such as variable interactions or quadratic terms.
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Tahle |
Loakup table for computing marginal/discrete effects and their variances

Constant term, ¢ Distribution function Fie) (predicted probability)  Density function f{c) (marginal effect scale factor)

Logit Afe) Probit (<) Logit () Probit ¢i{c)
0.000 0.500 0.500 0.250 0,399
0213 0.553 0.584 0.247 0.390
0312 0.577 0.622 0.244 0.380
0,388 0.596 0.651 0.241 0.370
0.453 0.611 0.675 0.238 0.360
0.512 0.623 0.696 0.234 0.350
0.563 0.638 0.714 0.231 0.340
0616 0.649 0.731 0.228 0.330
0.664 0.660 0.747 0.224 0.320
0.710 0.670 0.761 0.221 0.310
0,755 0.680 0.775 0.218 0.300
0.799 0.690 0.788 0.214 0.290
0.841 0.699 0.800 0.210 0.280
0.884 0.708 0.812 0.207 0.270
0.925 0.716 0.823 0.203 0.260
0.967 0.724 0.833 0.200 0.250
1.008 0.733 0.843 0.196 0.240
1.050 0.741 0.853 0.192 0.230
1.091 0.749 0.862 0.188 0.220
1.133 0.756 0.871 0.1584 0.210
1.175 0.764 0,880 0.150 0.200
1.218 0.772 0.888 0.176 0.190
1.262 0.779 0.896 0.172 0.180
1.306 0.787 0.904 0.168 0.170
1.352 0.794 0.912 0.163 0.160
1.399 0.802 0.919 0.159 0.150
1.447 0.810 0.926 0.154 0.140
1.498 0.817 0.933 0.149 0.130
1.550 0.825 0.939 0.144 0.120
1.603 0.833 0.946 0.139 0.110
1.664 0.841 0.952 0.134 0.100
1.726 0,549 0.958 0.128 0.090
1.793 0.857 0.963 0.122 0.080
1.866 0,866 0.969 0.116 0.070
1.938 0.8574 0.974 0.110 0.061
2.063 0.887 0.980 0.100 0.047
2,197 0.900 0.986 0.090 0.036
2342 0.912 0.990 0.080 0.026
2,502 0.924 0.994 0.070 0.017
2,681 0.936 0.996 0.060 0.011
2,887 0.947 0.998 0.050 0.006
3134 0.958 0.999 0.040 0.003
3444 0.969 1.000 0.030 0.000
3.871 0.980 1.000 0.020 0.000
4586 0.990 1.000 0.010 0.000
= 7.621 1.000 1.000 0.000 0.000

For nepative values of ¢, note that § — c)=flc) and F{ = c)=1 = Fic)
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while for the logit model the logistc density function is given by
7B'x) = APX)(1 - APx)).

The density function f x) can therefore be thought of as a scale factor that translates raw
parameter estimates into marginal effects. The point of this note is to find simple forms for this scale
factor, as well as analogous factors for the effects of dummy variables and the variances of these
effects.

With all continuous variables normalized to equal 0 at the desired reference point, 3'x simplifies
w ¢, and fiF'x) simplifies w fle), where ¢ is the esimated constant term. As ¢ gets increasingly
positive, Fie) approaches |, fie) approaches 0, and the marginal effects therefore approach 0.
Similarly, as ¢ becomes increasingly negative, Fic) approaches (0, and fc) and the marginal effects
again approach 0. This pattem is shown in more detail in Table |, which gives the full range of
values of fie) for associated values of ¢. To convert parameter vector (3 to its associated marginal
effects, one can simply muliply by the value of fic) for the estimated value of ¢. Note that because
both distributions are symmetdc, fl —¢)=fc), and the predicted probability at —c¢ is given by
1 — Fle).

The discrete effect of a dummy variable is found by taking the difference in the predicted probability
with and without that dummy variable equal to 1. Given the nommalizations described above, this results
in the following simple relationship for the discrete probability effect of a dummy variable:

Ey|d=1]—E[y|d=0]=F(c+d)- Flc), (5)
where d is the estimated parameter for the dummy variable. As ¢ becomes increasingly positive, both the
first and second terms of this expression approach 1, so the net effect of the dummy vanable approaches
0. As ¢ becomes increasingly negative, both the first and second terms approach 0 and, again, the net
effect of the dummy variable apgmaches 0. The effect of a dummy variable for any value of ¢ and d can
be readily found using Table 1.

4. Variances of marginal and discrete effects

Varances for marginal effects can be calculated using the linear approximation approach (delta
method). The asymptotic covariance matrix for the marginal effects is given by

Asy. Varlp(B'0)B] = $@'x 11 - (B'xBx' V]I - (B'x By (6)
for the probit model, and

Asy. Vary([B'x @l = 2(@'x)* T4+ (1 =240 Px' VI + (1 — 24(F'x) Ix@'] (7}

N Simply substitute ¢+d for ¢ to find the value of Fle+d) from Table 1.
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for the logit model, where V is the estimated asymptotic covarance marrix of B (Greene, 2003, p. 675).
Given the above nommalizations, one can show that the asymptotic varance for the marginal effect of a
particular continuous coefficient estimate i is given by

Asy. Var[¢p(B' x)fi] = r_f){c]z{rr%, + et — 2efog) (8)
for the probit model, and
Asy. Var[y(B'x)B] = y(c) (o} + (1 — 24(c))* f*a2 +2(1 — 24(c))fope) (9)

for the logit model, where ot is the asymptotic varance for the constant, :rﬁ is the asymptotic variance
for the estimate of parameter [¥, and g, is the asymptotic covariance between [ and ¢.* One can now
compute the asymptotic variance for the marginal effect using only Table | along with the estimated
values of fi, e, rrfg, at, and T e

To calculate the asymptotic variance for the effect of a dummy vadable, we begin with the asymptotic
covarance matrix for the predicted probabilities, which one can also compute using the delta method
(Greene, 2003, p. 674

Asy. Var[F(B'x)] = /(B x)’x'Vx. (10)

Given the above normalizations, one can show that the asymptotic variance of the predicted probability
for the reference group is fic)* e, and the asymptotic variance for the dummy variable group is flc+
d (ot + a3+ 2a,,) where a5 is the asymptotic variance for dummy variable parameter d, and o is the
asymptotic covariance between ¢ and d. One can further show that the asymptotic vardance of the effect
of the dummy vadable (ie., of the difference in predicted probability) is

Asy. Var|[F(c +d) — Flc)] = f(e)’a® +flc +d)(0* + &+ 20), (11)

which, as before, can be easily computed using Table 1 along with the estimated values of ¢, d, s, o4,
and g,z

5. Concluding remarks

The need to compute marginal effects from probit and logit models rather than simply looking at raw
parameter estimates is one of the few inconveniences of an otherwise extremely convenient modeling
specification. We show that even this inconvenience can be minimized with an appropriate nommalization
ofthe explanatory varables. Using only the raw logit or probit estimates and the table given herein, one
can compute all the desired marginal and discrete effects, along with their variances. In addition to

# Although this may not appear to be a dmmatic simplification, we point out that without our normalizations, this
calculation could potentially involve all o = n entries in the estimated covariance matnx, where n s the number of model
pammeter estimates. With the simplification it can be done on a hand caleulator,
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obviating the need for extra programming or reliance on software capabilities, this approach helps build
intuition and clarifies the relationship between discrete choice parameter estimates and their associated
effects.
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