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2.1  

 

 

2.2  

2.2.1 (Time Series Analysis) 

(Time Series)    
 

     

 

 

2.2.2 (Unit Root Test) 

Dickey-Fuller 

(1981)  

ttt eXX += -1r                      (1) 

1, -tt XX t    t -1 

te ( Random Error) 

r ( Autocorrelation Coefficience ) 

 

      ttt eXX += -1r  

   ttttt eXXXX +-=- --- 111 r  

    ( ) ttt eXX +-=D -11r  
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    ttt eXX +=D -1q        (2) 

( )1-= rq       01;1 <<-+= qqr  
  q    

 

   0:0 =qH     

   0:0 <qH  

  

 
q
q

..ES
t =  

0H t-statistic 

Mackinnon critical Value tX tX

 

1H t-statistic 

 Mackinnon critical Value tX tX  

t    
t-1 3

 

 ttt eXX +=D -1q       (3) 

 ttt eXX ++=D -1qa       (4) 

 ttt eXTX +++=D -1qba      (5) 

- ( Dicky-Fuller test) 

Autocorrelation 

( Autoregressive Processes) 

(3)  (5) - ( Augmented Dicky-Fuller test) 

 

tttt eXXX +DS+=D -- 11 fq

tttt eXXX +DS++=D -- 11 fqa    

tttt eXXTX +DS+++=D -- 11 fqba      
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  tX     t 

1-tX   t-1 

fqba ,,,  

T   

te  

 

2.2.3  Auto Regressive (AR(p)) 

Auto Regressive ty  

1,...,t t py y- - p AR(p) 

Auto Regressive p  

AR (p) 1 1 2 2 ...t t t p t p tx x x xm f f f e- - -= + + + + +   (6) 

 m (Constant Term) 

jf   j 

te   t  

AR(1)   

1 1t t tx xm f e-= + +       (7) 

AR(2)  

1 1 2 2t t t tx x xm f f e- -= + + +      (8) 

 

2.2.4  Moving Average (MA(q)) 

Moving Average (MA) ty

1,...,t t qe e- -

MA(q) Moving Average q MA(q)  

MA(q) 1 1 2 2 ...t t t t q t qx m e q e q e q e- - -= + - - - -                 (9)           
  m   (Constant Term ) 

jq   j 

te t  

MA(1)  

1 1t t tx m e q e -= + -       (10) 
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MA(2)  

1 1 2 2t t t tx m e q e q e- -= + - -      (11) 

 

2.2.5  Auto Regressive Moving Average (ARMA(p.q))  

Auto Regressive Moving Average (ARMA) 

Auto Regressive Moving Average 

ARMA(p,q) Auto Regressive p Moving Average

q  

ARMA(p,q)  

 1 2 1 1... ...t t t t p t t q t qy y y yd f f f e q e q e- - - - -= + + + + + - - -  (12) 

  ty  t 

P   Auto Regressive 

q  Moving Average 

d  (Constant Term) 

 t    

f   Auto Regressive  

q   Moving Average  
te    white noise 

t 

 

2.2.6 Autoregressive conditional Heteroscedasticity (ARCH)  

Stochastic Variable 

(Homoscedastic) 

(Error Term) 

 

(Volatility) ( )
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(Volatility) ( ) 

(Volatility)  

Autoregressive Moving Average (ARMA) ARMA 

(stationary)   

0 1 1t t tx a a x e-= + +       (13) 

1tx +  

1 0 1t t tE x a a x+ = +       (14) 

1tx +

 
2 2 2

1 0 1 1( )t t t t tE x a a x E e s+ +è ø- - = =ê ú     (15) 

Long-Run { }tx 0

1(1 )

a

a-

 

2 2 3 20
1 1 1 1 1 1 2

1

{( ) } [( ...) ]
(1 )t t t t t

a
E x E a a a

a
e e e e+ + - -- = + + + +

-
 (16) 

2
1

1
1

(1 )a
>

-
(Variance) 

(Unconditional Variance) 

(Conditional Variance) (variance) { }te

(constant) (variance) 

ARMA  

0 1 1t t tx a a x e-= + +       (17) 

(conditional variance) 1tx +

 
2 2

1 1 0 1 1( | ) [( ) ]t t t t t tVar x x E x a a x E e+ + += - - =    (18) 
2 2

1 1t t tE e s+ +=

(Residuals)  

 2 2 2
0 1 1 ...t t q t q te a a e a e n+ -= + + + +     (19) 
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tn  = white noise process 

 

2.2.7 Generalized Autoregressive Conditional Heteroscedasticity 

(GARCH)  

ARCH Engle, Robert F. Bollerslev 1986 

(Conditional Variance) ARMA process 

Error Process  
2

t t te n s=        (20) 
2 1t vn s= =   

2 2 2
0

1 1

q p

t i t i i t i
i i

s a a e bs- -
= =

= + +ä ä        (21) 

{ }tn white noise process ( 1te - ) 

te  
2 0t t tE Ee n s= =       (22) 

te  

2 2 2 2
1 0

1 1

q p

t t t i t i i t i
i i

E e s a a e bs- - -
= =

= = + +ä ä    (23) 

te
2
ts  (23) 

Generalized Autoregressive Conditional Heteroscedasticity (GARCH) (p,q) 

Autoregressive Moving Average 

Heteroscedasticity Variance p=0 q=1 GARCH  (0,1) GARCH  (1) 

ib GARCH  (p,q) 

ARCH (q) GARCH 

disturbances tx ARMA 

ARMA { }tx

ARMA Autocorrelation Function (ACF) 

Partial Autocorrelation Function (PACF) 

(Residuals) white noise ACF 

(Aquared Residuals) (Order) GARCH (

, 2547 , 2547) 
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GARCH 

 

GARCH 

SHOCK 

(Bollerslev, 1986) 

(Volatility) 

leverage effect 

GARCH 

(lagged residuals) 

EGARCH, TGARCH  

GARCH 

 

 

2.2.8 Multivariate GARCH  

Variances                  Co 

Variances error terms N ( )'1 ,...,t t Nty y y=

 

  t t ty m e= +        (24) 

  1 1
2 2 , t t t tH Z He = NxN matrix    (25) 

  ( ) ( ). .        0       t t t NZ i i d E Z Var Z I= = =  

  ( )1 1E E ( )t t t t ty I ym - -= | =  

  ( ) ( )
1 1

2 2
1 1( )t t t t t t tH H H Var y I Var y- -= = | =  

  1tI - t-1  
1

2
tH  NxN tH

Condition Variance Matrix ty tm tH parameters q
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parameters q  0 tH t=> "

parameter tH  

M-GARCH conditional covariances 

  VEC 

 VEC   ijth linear function squared errors 

, cross product errors tH  VEC (1,1)  ( Bollerslev; 

Engle and Wooldridge, 1988 ) 

   1 1t t th c A Ghh - -= + +       (26) 

th = vech tH  

           th = vech ( )'t te e  

  Vech NxN matrix

N(N+1)/2x1 vector: 

  vech  '
1l 2l 22 3l( , , , ,..., )t t t t t NNtH h h h h h=  

  

1l 12 13 1

21

31

1

               

      

     

  

                        

t t t Nt

t

t

N t NNt

h h h h

h

h

h h

è ø
é ù
é ù
é ù
é ù
é ù
é ùê ú

 

 

  vec matrix column vector : 

  '
1l 2l l l2 22( , ,... , , ,... )t t t N t t t NNtH h h h h h h=  

2
1, 1 11, 11l 1 11 12 13 11 12 13

21 2 21 22 23 1, 1 2, 1 21 22 23 21, 1

2
31 32 33 31 32 33322 22, 12, 1

     

     

t tt

t t t t

t tt

hh c a a a g g g

h c a a a g g g h

a a a g g gch h

e

e e

e

- -

- - -

--

è ø è øè ø è ø è ø è ø
é ù é ùé ù é ù é ù é ù= + +é ù é ùé ù é ù é ù é ù
é ù é ùé ù é ù é ù é ùê ú ê úê úê ú é ù ê úê ú

 

 

parameters ( 1)( ( 1) 1)

2

N N N N+ + +
=  ( N= 2,3,4 

parameters = 21, 78, 210 ) 

parameter Bollerslev, Engle and Wooldridge (1988)  

diagonal VEC (DVEC) A G diagonal matrices 

parameter 21 9 N=2 78 18 N=3 variance iith  
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error period variance period 

, 1 ( )ii th - covariance ijth  error i j period 

covariance , 1ij th - spillover effect 

   

( ) ( )
11 12 11 12

1, 1 1, 12 2
11 1 1, 1 2, 1 2 1, 1 2, 2

12 13 2, 1 12 13 2, 1
2 2

   E    
t t

t t t t t t
t t

a a g g
h c

a a g g

e e
e e e e

e e
- -

- - - - -
- -

è øå õ å õå õ å õé ùæ ö æ ö= + +æ ö æ öæ ö æ öé ùæ ö æ öç ÷ ç ÷ç ÷ ç ÷ê ú

 

 

( ) ( )
21 22 21 22

1, 1 1, 12 2
12 2 1, 1 2, 1 2 1, 1 2, 2

22 23 2, 1 22 23 2, 1
2 2

   E    
t t

t t t t t t
t t

a a g g
h c

a a g g

e e
e e e e

e e
- -

- - - - -
- -

è øå õ å õå õ å õé ùæ ö æ ö= + +æ ö æ öæ ö æ öé ùæ ö æ öç ÷ ç ÷ç ÷ ç ÷ê ú

 

 

( ) ( )
31 32 31 32

1, 1 1, 12 2
22 3 1, 1 2, 1 2 1, 1 2, 2

32 33 2, 1 32 33 2, 1
2 2

   E    
t t

t t t t t t
t t

a a g g
h c

a a g g

e e
e e e e

e e
- -

- - - - -
- -

è øå õ å õå õ å õé ùæ ö æ ö= + +æ ö æ öæ ö æ öé ùæ ö æ öç ÷ ç ÷ç ÷ ç ÷ê ú

 

 

h  

11 12 21 22
2 2

12 13 22 23
1, 1 2, 1 2 21 2

2 3 21 22 31 321, 1 2, 1
2 2

22 23 32 33
2 2

             

                     0       0 
x

                  0        0       

              

t t

t
t t

a a a a

a a a ac c
H

c c a a a a

a a a a

e e

e e
- -

- -

å õå õ
= + æ öæ ö æ öç ÷ ç ÷

[ ]

1, 1

2, 1

2
1, 1

2, 1

    0

    0
E

   0     

   0     

t

t

t
t

t

e

e

e

e

-

-
-

-

-

å õ
å õæ ö
æ öæ ö
æ öæ ö +æ öæ ö
æ öæ öæ öæ öç ÷

ç ÷

 

 

tH VEC(1,1)  

( ) ( ) ( ) ( )' '
1 1 2 1 1Et N t N t t N t N tH C I A I I G Ie e e e- - - - -

é ù= + Ã Ã + Ã Ãê ú  

tH positive 0, 0, 0C A G² ² ²  

  BEKK  

BEKK (1,1,K) ( Engle and Kroner, 1995)   

  ' ' ' '
1 1 1

1 1

k k

t k t t k k t k
k k

H C C A A G H Ge e- - -
= =

= + +ä ä    (27) 

C , kA  kG NxN matrices C matrix 

 
' 2

1, 1 1, 1 2, 11l 21 11 11 21 11 12 11 12 11

2
12 22 21 22 22 21 22 21 222, 1 1, 1 2, 1

                 0              g

      0                   

t t tt t

t t t t t

h h C C C a a a a g

h h C C C a a a a

e e e

e e e
- - -

- - -

è øè ø è ø è ø è ø è ø
= + +é ùé ù é ù é ù é ù é ù

é ùê ú ê ú ê ú ê úê ú ê ú

'
11, 1 21, 112 11 12

21 22 21, 1 22, 1 21 22

      g

   g      g
t t

t t

h h g

g h h g
- -

- -

è øè ø è ø
é ùé ù é ù

ê ú ê úê ú
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parameters = (5 1)

2

N N +  ( N = 2,3,4 parameters = 11, 24, 42 

) 

Bivariate Factor-GARCH(1,1,1) 

  2
11 11 1t th w hl*= +       (28) 

  21 21 1 2t th w hl l*= +       (29) 

  2
22 22 2t th w hl*= +       (30) 

  ( ) ( )2 1 1 11 / 1w wl l= - -  

         2 2 2
1 1t t th w f ha b- -= + +  

           '
t tf we=  

t t t t ty f em e l- = = + tf  ( the common shock , a 

scalar r.v.) te  ( the idiosyncratic shock, a Nx1 vector) ( )1t tVar e *
- = W   

( )1t t tVar f h- =  

( ) '
1t t tVar he ll*
- = W +  

Weak stationary occurs 2 2  1,      k k ka b+ < " parameters 
( 5)

2

N N +  ( N = 2,3,4 parameters = 7, 12, 18 ) 

MGARCH conditional correlations 

CCC and DCC   tH  

   t t t tH D R D=       (31) 

( )1 1
2 2

11 ...t t NNtD diag h h=  

( )t ijtR r= 1ijtr =  

tR NxN Matrix conditional correlations iith

Univariate GARCH model  

      ijt ijt iit jjth h h jr= "¸      (32) 

tH tR iith  

CCC : Constant condition correlations 

( ), 1t ij iiR R r r= = = conditional correlation (CCC) 

      ijt ij iit jjth h h i jr= " ¸ parameters ( 5)

2

N N +      ( Bollerslev, 

1990). 
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DCC : Dynamic condition correlations  

Tse and Tsui (2002)   ( )M :TDCC  

  ( )1 2 1 1 2 11t t tR R Rq q qy q- -= - - + +     (33) 

  
( ) ( )

1 , ,
, 1

2 2
1 , 1 ,

M
m i t m j t m

ij t
M M
m i t m m j t m

u u

u u
y = - -

-

= - = -

= ä
ä ä

    (34) 

  it it iitu he=        (35) 

1q , 2q  >0 1q  + 2q  <1 R R CCC 

, 1ij ty - 1 i 

  1ty - sample correlation matrix te  

, 1,..., 1t M t M tt = - - + - 1ty - positive 

M N²  
  tR correlation matrices ( )1 1, ,t tR Ry - - tR

 

  parameter 
( )( )1 4

2

N N+ +
 

  1 2 0q q= = CCC 

  DCC : Dynamic condition correlations 

  (1,1) :EDCC  

  ( ) ( )1/2 1/2

t t t tR diagQ Q diagQ
- -=  

  tQ   NxN matrix  

  ( ) '
1 2 1 1 1 2 11t t t tQ Q u u Qq q q q- - -= - - + +  

( )'1 ... , ,t t Nt it it iitu u u u h Qe= = NxN matrix 

1 2, 0q q > 1 2 1q q+ < tQ tR  

tQ covariance matrix tu iitq correlation 

matrix tR  (Engle, 2002) 

  parameter 
( )( )1 4

2

N N+ +
 

  1 2 0q q= = iitq  = 1 CCC 

  DCC correlation 

parameter VEC BEKK 

N  
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2.2.9   

 Dynamic Conditional Correlation (DCC)  

Engle (2002).  Vector Autoregressive Moving Average  GARCH (VARMA-

GARCH)  Ling and McAleer (2003) 

 

tttt FyEy e+= - )/( 1       (36) 

,ttt Dhe =        (37) 

  

),...,( 1 ¡= mttt yyy  ),...,( 1 ¡= mttt hhh   Independently and 

Identically  Distributed (iid),  
tF        . t   

mhhdiagD mttt ),,...,( 2/12/1
1=                         

 t n.       n. 

Generalized Autoregressive Conditional Heteroscedasticity  

(GARCH)  Bollerslev (1990) (Conditional 

variance)

  GARCH (p,q)   

2 2 2
0

1 1

q p

t i t i i t i
i i

s a a e bs- -
= =

= + +ä ä     (38) 

ia   ARCH effects ( )   ib  

GARCH effects (  i ia b+ )  
 

2.2.10  Vector Autoregressive Moving Average  GARCH (VARMA-

GARCH) 

Conditional 

variance) Ling and McAleer (2003)  

ä ä
= =

-- ++=
r

j

s

j
jtiijjtijt HBAWH

1 1
,e     (39)         

),...,( 1 ¡= mttt hhH , ),...,( 2
1

2 ¡= mtt eee  ),...,1(, riAW i = ),...,1( siBi =  mxm 
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VARMA-GARCH (Positive shocks) 

(Negative shock) (Conditional variance)  
       ijA  ARCH effects ( )   ijB  

GARCH effects (  ä ä
= =

+
r

j

s

j
ijij BA

1 1

) 

  

2.3  

 

   (2547) 
  

 

 . . 2523-2544 

2  

( Multiple Regression Analysis)  

 

  
   

  

Boston Consulting Group : BCG 

 . . 2541-2545  

Star6  

 

 

Question Marka  
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 (2548)  

 Multivariate Garch

 
 

  
 

 
 

 
 

 

 

 

Bollerslev, Engle andWooldridge (1988)   

 maximum likelihood  parameter  k   time 

series   

Diagonal Vech  lag 

 Parameter   Diagonal Vech 

 GARCH  

Parameter  positive definiteness of the conditional covariance 

 time series  model  

Constant Conditional Correlation Multivariate GARCH  1990  Bollerslev 

 univariate GARCH time series  correlation matrix 

 correlation 
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 positive definite  condition variance  

correlation matrix  full rank   constant correlation 

 standard errors   Tsui and Yu        

( 1999)  constant correlation  

 

Engle and Kroner (1995)  condition 

covariance  positive definiteness 

 vech  BEKK model  

 

Alexander (2001)  factor GARCH model covariance 

matrices   Factor  Orthogonal MV-GARCH 

 dynamic covariance matrix  univariate GARCH  Alexander 

 factor  

 Parameter  o(k) 

 coefficient  univariate GARCH 

 

 

Engle (2002)    constant 

correlation  Bollerslev  correlation  Dynamic 

Condition Correlation MV-GARCH  Parameter  maximum 

likelihood  O(k) 

 

Tse and Tsui (2002)  dynamic correlation 

multivariate GARCH 

univariate GARCH   dynamic correlation 

Engle(2001) Parameter  

  

Andrew C. Worthington  Helen Higgs  

 

 


